Abstract. This article presents a theoretical investigation of incompressibility and randomness in generalized representations of graphs along with its implications on network topological properties. We extend previous studies on plain algorithmically random classical graphs to plain and prefix algorithmically random MultiAspect Graphs (MAGs). First, we show that there is an infinite recursively labeled infinite family of nested MAGs (or, as a particular case, of nested classical graphs) that behaves like (and is determined by) an algorithmically random real number. Then, we study some of their important topological properties, in particular, vertex degree, connectivity, diameter, and rigidity.
Introduction
In this article, we study algorithmic randomness or incompressibility of generalized representations of graphs. With this purpose, we apply theoretical tools from algorithmic information theory [10, 14, 20, 23, 25] to generalized graphs which represent dyadic (or 2-place) relations between two arbitrary n-ary tuples [31, 32] . In the context of measuring deterministic information content and its complexity, the general problem that we tackle is to establish equivalences between the algorithmic information of generalized graphs and the algorithmic information of strings. Thereafter, we aim at investigating network topological properties of algorithmically random generalized graphs.
Measuring the information content of graphs or networks by statistic-informational 1 tools, e.g., Shannon entropy related measures, is one of the current subjects of increasing importance in network modeling and network analysis [5, 17, 18, 24, 26, 28, 30] . Furthermore, the study of topological properties of graphs (or networks) defined on stochastic random processes (e.g., Erdős-Rényi random graph) has been of central importance to graph theory [2, 4] , complex networks theory [1, 3, 22] , or in the broad field of network science [7, 24] . As already pointed in [9] , many of the topological properties we study here are indeed statistically expected to hold for some stochastic-randomly generated graphs. On the other hand, headed by algorithmic complexity and algorithmic randomness [10, 13, 20, 25] , we have the study of randomness of fixed (finite or infinite) objects and of information content measures for deterministic (i.e., computable) generation processes [11, 23, 35] . Therefore, in the context of graphs or networks, algorithmic information theory (also known as 'Kolmogorov complexity' theory or 'Solomonoff-Kolmogorov-Chaitin complexity' theory) has presented theoretical and empirical tools in order to investigate relationships between algorithmic complexity and properties of graphs or complex networks [8, 9, 15, 25, 28, [36] [37] [38] .
Here, we follow this second line of research by a theoretical investigation of algorithmic complexity and algorithmic randomness in generalized graph representations. In this work, we present definitions, lemmas, theorems, and corollaries. Our results are based on a formalization of generalized graphs, called MultiAspect Graphs (MAGs), as presented in [31, 32] . These MAGs are formal representations of dyadic (or 2-place) relationships between two arbitrary n-ary tuples. In this way, it has been shown that MAGs enable one to formally represent and computationally analyze high order networks, e.g., dynamic networks [16, 34] or dynamic multilayer networks [33] . In addition, this article is mainly based on previous applications of the incompressibility method to classical labeled graphs [9, 25] . Thus, the general scope of this work is not only algorithmic randomness of MAGs, but also the implications of incompressibility on high order networks' topological properties.
In this article, our main goals are to: study recursive labeling in MAGs; show that the algorithmic information content carried by MAG is well-defined; show that there are recursively labeled infinite families of MAGs (and, consequentially, also of classical graphs) that behave like algorithmically random real numbers; present some topological properties of such MAGs and families of MAGs, in particular, vertex degree, connectivity, diameter, and rigidity.
To this end, we base our definitions and notations on previous work in algorithmic information theory 2 [20, 25] , graph theory 3 [2, 6, 19] , MAGs 4 [31, 32] , and algorithmically random classical graphs 5 [9, 25] . In this sense, the main idea behind our results derives from a standard application of known inequalities in algorithmic information theory to graph and MAG representation formalisms. Thus, the present article is as a proper extension of the results on algorithmically random classical graphs in [9, 25] to MAGs.
In Section 2, we define recursively labeled MAGs and show how such mathematical objects are determined by the algorithmic information of arbitrarily chosen binary strings. 6 In fact, unlike classical graphs, the algorithmic information of a MAG and the string that determines its (composite) edge set may be not so tightly associated regarding (plain or prefix) algorithmic complexity and mutual algorithmic information. 7 However, once we define recursively labeled (finite or infinite) families of MAGs in Section 2.1, we see that, in this case, both become algorithmically equivalent. 8 This recovers the property of a binary string determining the presence or absence of a edge, as we previously had for classical graphs [9, 25] .
In Section 3, we introduce 9 prefix algorithmic randomness (i.e., K-randomness) for MAGs and show 10 that there are infinite families of MAGs (or classical graphs) in which every member is incompressible (i.e., weakly K-random) regarding prefix algorithmic complexity (i.e., K-complexity). In addition, we show in Section 3.1 that there are recursively labeled infinite families 11 of MAGs in which a member is a MultiAspect subGraph (subMAG) of the other. That is, such families are defined by an infinite sequence of MAGs such that the former is always a subMAG of the latter. Therefore, one can obtain 12 a recursively labeled infinite nested family of MAGs that is as prefix algorithmically random (i.e., K-random or 1-random) as a prefix algorithmically random real number 13 , like the halting probability. In Section 4, we relate these results on prefix algorithmic randomness with plain algorithmic randomness of MAGs in a manner directly analogous to plain algorithmic randomness of classical graphs in [9, 25] .
14 Thus, as we show 15 in Section 5, this enables one to extend previous results on network topological properties in [9, 25] to plain algorithmically random MAGs or prefix algorithmically random nested families of MAGs. Definition 1.1.2.1. We say a graph G ′ is a vertex-induced subgraph of G iff
and, for every u, v ∈ V (G ′ ),
In addition, we denote this
As defined in [31, 32] , we may generalize the notion of graph in order to represent dyadic (or 2-place) relations between n-ary tuples: Definition 1.1.3. Let G = (A , E ) be a MultiAspect Graph (MAG), where E is the set of existing composite edges of the MAG and A is a class of sets, each of which is an aspect. Each aspect σ ∈ A is a finite set and the number of aspects p = A is called the order of G . By an immediate convention, we call a MAG with only one aspect as a first order MAG, a MAG with two aspects as a second order MAG and so on. Each composite edge (or arrow) e ∈ E may be denoted by an ordered 2p-tuple (a 1 , . . . , a p , b 1 , . . . , b p ), where a i , b i are elements of the i-th aspect with 1 ≤ i ≤ p = A . Note 1.1.3.1. Thus, the aspects in A determine which variant a graph G will be (and how the set E will be defined). For example, a time-varying graph as in [16, 34] or a multilayered graph as in [33] . Notation 1.1.3.1. A (G ) denotes the set of aspects of G and E (G ) denotes the composite edge set of G . Notation 1.1.3.2. We denote the i-th aspect of G as A (G ) [i] . So, A (G ) [i] denotes the number of elements in A (G ) [i] . In order to match the classical graph case, we adopt the convention of calling the elements of the first aspect of a MAG as vertices. Therefore, we denote the set A (G )[1] of elements of the first aspect of a MAG G as V (G ). Thus, a vertex should not be confused with a composite vertex (see Notation 1.1.3.3). Notation 1.1.3.3. The set of all composite vertices v of G is denoted by
and the set of all composite edges e of G is denoted by
so that, for every ordered pair (u, v) with u, v ∈ V(G ), we have (u, v) = e ∈ E(G ). Also, for every e ∈ E(G ) we have (u, v) = e such that u, v ∈ V(G ). Thus,
The terms vertex and node may be employed interchangeably in this article. However, we choose to use the term node preferentially within the context of networks, where nodes may realize operations, computations or would have some kind of agency, like in real networks. Thus, we choose to use the term vertex preferentially in the mathematical context of graph theory. Definition 1.1.4. We denote the companion tuple of a MAG G as defined in [31, 32] by τ (G ) where
See also Notation 1.1.10.
Definition 1.1.4.1. We define the composite diameter of G in an analogous way to diameter in classical graphs, which is defined as the maximum shortest path length. Thus, we define the composite diameter D E (G ) as the maximum value in the set of the minimum number of steps (or hops) in E (G ) necessary to reach a composite vertex v from a composite vertex u, for any u, v ∈ V(G ). See also [32] for paths and distances in MAGs.
Definition 1.1.5. As in [31, 32] , a sub-determination is a generalization of the aggregation concept applied to time-varying and multilayer graphs, in which all layers can be aggregated, resulting in a traditional graph. We define a sub-determination ζ of a MAG G as a partition of the set V(G ) into equivalence classes (in respect to E (G )) taking into account only a sublist of the A (G ) aspects. Therefore, a sub-determination ζ generates another
and ζ 1 , . . . , ζ p ζ is a subsequence of (1, . . . , p) with A ζ (G ) = p ζ . Definition 1.1.6. As in [31] , we say a MAG G without self-loops (i.e., for every u ∈ V(G ), (u, u) ∉ E (G ) ) is isomorphic to a traditional directed graph G when there is a bijective function f ∶ V(G ) → V (G) such that an edge e ∈ E (G ) if, and only if, the edge (f (π o (e)), f (π d (e))) ∈ E(G) where π o is a function that returns the origin vertex of an edge and the function π d is a function that returns the destination vertex of an edge. Definition 1.1.7. We define an undirected MAG G c = (A , E ) without self-loops as a restriction E c in the set of all composite edges E such that
where
And we will have directly from this definition that
.
We define a trans-temporal edge as an edge e = (u, t i , v, t j ) ∈ E (G t ) with j ≠ i + 1 and j ≠ i.
1.1.2.
Turing machines and algorithmic information theory. In this section, we present notations and definitions regarding algorithmic information theory and its formalization on Turing machines. For a complete introduction to these notations and definitions, see [9, 20, 25] .
Notation 1.1.3. Let lg(x) denote the binary logarithm log 2 (x).
Notation 1.1.4. Let {0, 1} * be the set of all finite binary strings.
Notation 1.1.5. Let l(x) denote the length of a finite string x ∈ {0, 1} * . 22 In addition, let X denote the number of elements (i.e., the cardinality) in a set, if X is a finite set. Notation 1.1.6. Let (x) 2 denote the string which is a binary represenation of the number x. In addition, let (x) L denote the representation of the number x ∈ N in language L. Notation 1.1.7. Let x ↾ n denote the ordered sequence of the first n bits of the fractional part in the binary representation of x ∈ R. That is, x ↾ n = x 1 x 2 . . . x n ≡ (x 1 , x 2 , . . . , x n ) where (x) 2 = y.x 1 x 2 . . . x n x n+1 . . . , and x 1 x 2 . . . x n , y ∈ {0, 1} * .
Notation 1.1. Let U(x) denote the output of a universal Turing machine U when x is given as input in its tape. Thus, U(x) denotes a partial recursive function
, where L is a language. In particular, ϕ U (x) is a universal partial recursive function [25, 29] . Note that, if x is a non-halting program on U, then this function U(x) is undefined for x. 21 It can be equivalently denoted as Gt = (V, T, E ). 22 In [20] , l(x) is denoted by x . Notation 1.1.1. Wherever n ∈ N or n ∈ {0, 1} * appears in the domain or in the codomain of a partial (or total) recursive function
, where U is a Turing machine, running on language L, it actually denotes (n) L Notation 1.1.8. Let L U denote a binary universal programming language for a universal Turing machine U.
U denote a binary prefix-free (or self-delimiting) universal programming language for a prefix universal Turing machine U.
23
Notation 1.1. 10 . As in [20, 25] , let ⟨ ⋅ , ⋅ ⟩ denote an arbitrary recursive bijective pairing function. This notation can be recursively extended to ⟨ ⋅ , ⟨ ⋅ , ⋅ ⟩⟩ and, then, to an ordered tuple ⟨ ⋅ , ⋅ , ⋅ ⟩. This iteration can be recursively applied with the purpose of defining finite ordered tuples ⟨⋅ , . . . , ⋅⟩. Definition 1.1.9. As in [20, 25] , the (unconditional) plain algorithmic complexity (also known as C-complexity, plain Kolmogorov complexity, plain program-size complexity or plain Solomonoff-Komogorov-Chaitin complexity) of a finite binary string w, denoted by C(w), is the length of the shortest program w * ∈ L U such that U(w * ) = w. 24 The conditional plain algorithmic complexity of a binary finite string y given a binary finite string x, denoted by C(y x), is the length of the shortest program w * ∈ L U such that U(⟨x, w * ⟩) = w. Note that C(y) = C(y ǫ), where ǫ is the empty string. We also have the joint plain algorithmic complexity of strings x and y denoted by C(x, y) ∶= C(⟨x, y⟩) and the C-complexity of information in x about y denoted by I C (x ∶ y) ∶= C(y) − C(y x).
such that z i = 1 ⇐⇒ e i ∈ E (G ) where z i ∈ {0, 1} with 1 ≤ i ≤ n = E(G ) . The same applies analogously to C(E(G)) and to the conditional, joint, and C-complexity of information case. Definition 1.1. 10 . As in [20, 25] , the (unconditional) prefix algorithmic complexity (also known as K-complexity, prefix Kolmogorov complexity, prefix program-size complexity or prefix Solomonoff-Komogorov-Chaitin complexity) of a finite binary string w, denoted by K(w), is the length of the shortest program w * ∈ L ′ U such that U(w * ) = w. 25 The conditional prefix algorithmic complexity of a binary finite string y given a binary finite string x, denoted by K(y x), is the length of the shortest 23 Note that, although the same letter U is used in Notation 1.1.8, the two universal Turing machines may be different, since, in L U , the Turing machine does not need to be prefix-free. Thus, every time the domain of function U(x) is in L U , U denotes an arbitrary universal Turing machine. Analogously, every time the domain of function
U or L U are not being specified, then assume an arbitrary universal Turing machine.
24 w * denotes the lexicographically first p ∈ L U such that l(p) is minimum and U(p) = w.
, where ǫ is the empty string. Similarly, we have the joint prefix algorithmic complexity of strings x and y denoted by K(x, y) ∶= K(⟨x, y⟩), the K-complexity of information in x about y denoted by I K (x ∶ y) ∶= K(y) − K(y x), and the mutual algorithmic information of two string x and y denoted by I A (x ; y) ∶= K(y) − K(y x * ).
Note 1.1.10.1. For an edge set
such that z i = 1 ⇐⇒ e i ∈ E (G ) where z i ∈ {0, 1} with 1 ≤ i ≤ n = E(G ) . The same applies analogously to K(E(G)) and to the conditional, joint, K-complexity of information, and mutual case. Definition 1.1.11. Let Ω ∈ [0, 1] ⊂ R denote the halting probability (also known as Chaitin's constant or Omega number). The halting probability is defined by
Definition 1.1.12. We say a string x ∈ {0, 1} * is weakly K-random (K-incompressible up to a constant, c-K-incompressible, prefix algorithmically random up to a constant or prefix algorithmically incompressible up to a constant ) if, and only if, for a fixed
Definition 1.1.13. We say a real number x ∈ [0, 1] ⊂ R is 1-random (K-incompressible up to a constant, K-random or prefix algorithmically random) if, and only if, it satisfies K(x ↾ n ) ≥ n − O(1) where n ∈ N is arbitrary. Notation 1.1.13.1. In order to avoid ambiguities between plain and prefix algorithmic complexity and ambiguities in relation to randomness deficiencies, we choose to say that an algorithmically random real number in respect to prefix algorithmic complexity in Definition1.1.13 is O(1)-K-random. Note 1.1.13.1. That is, a real number x ∈ [0, 1] ⊂ R is O(1)-K-random iff it is weakly K-random for every initial segment x ↾ n . See [20] .
1.1.3. Algorithmically random graphs. Here, we restate the definition of a labeled graph that has a randomness deficiency at most δ(n) from [9, 25] : Definition 1.1.14. A classical graph G with V (G) = n is δ(n)-random if, and only if, it satisfies
Notation 1.1.14.1. In order to avoid ambiguities between plain and prefix algorithmic complexity, we choose to say that a δ(n)-random graph G in Definition 1.1.14 is δ(n)-C-random.
Definition 1.1.15. We say a classical graph is rigid if, and only if, its only automorphism is the identity automorphism.
1.2. Background results.
1.2.1. MultiAspect Graphs. This section restates some previous results in [31, 32] . First, it has been shown that a MAG is basically equivalent to a traditional directed graph [32] .
Theorem 1.2.1. For every MAG G without self-loops of order p > 0, where all aspects are non-empty sets, there is a unique (up to a graph isomorphism) traditional
that is isomorphic (as in Definition 1.1.6) to G .
As an immediate corollary of Theorem 1.2.1, we have that the same holds for the undirected case. To achieve a simple proof of that in Corollary 1.2.1.1, just note that any undirected MAG (or graph) can be equivalently represented by a directed MAG (or graph, respectively) in which, for every oriented edge (i.e., arrow), there must be an oriented edge in the exact opposite direction. 26 In other words, the adjacency matrix must be symmetric.
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Corollary 1.2.1.1. For every MAG G c (as in Definition 1.1.7) of order p > 0, where all aspects are non-empty sets, there is a unique (up to a graph isomorphism)
From these results, we also have that the concepts of walk, trail, and path become well-defined for MAGs analogously to within the context of graphs. See section 3.5 in [32] .
1.2.2. Algorithmic information theory. We now restate some important relations in algorithmic information theory 28 [11, 14, 20, 23, 25] . The following results can be found in [12-14, 20, 21, 25, 27] . Lemma 1.2.1. For every x, y ∈ {0, 1} * and n ∈ N,
Note 1.2.1.1. Note that the inverse relation K(x, y)+O(1) ≥ K(y)+K(x y)+O(1) does not hold in general in Equation (7). In fact, one can show that
, which is the key step to prove Equation (11).
One of the most important results in algorithmic information theory is the investigation and proper formalization of a mathematical theory for randomness [10, 20, 25] . This is what has allowed the previous results that we are extending, as restated in Section 1.2.3. In this article, we also choose to employ one of these important mathematical objects: the halting probability (see Definition 1.1.11). This is a widely known example of infinite binary sequence, or real number, that is algorithmically random in respect to prefix algorithmic complexity.
be a real number. Then, the following are equivalent:
1.2.3. Algorithmically random graphs. As pointed in the Introduction 1, our first goal in this article is to extended the results from [9, 25] . By defining algorithmically random graphs, the application of the incompressibility method to graph theory generated fruitful lemmas and theorems with the purpose of studying diameter, connectivity, degree, statistics of subgraphs, unlabeled graphs counting, and automorphisms. In this section, we present some of these results.
then all δ(n)-C-random classical graphs are rigid.
Recursively labeled MultiAspect Graphs
In this section, we will introduce a model of MultiAspect Graph (MAG) representation. First, we need to generalize the concept of a labeled graph in order to grasp the set of composite vertices. As with labeled graphs [9, 25, 28, 36, 38] , where there is an enumeration of its vertices assigning a natural number to each one of them, we want that the edge set E continues to be uniquely (up to an automorphism) represented by a finite binary string. In fact, we will assume a more general condition than a fixed lexicographical ordering of the E c (G c ) edges. Thus, we will introduce MAGs that are recursively labeled.
We say that a MAG G c from Definition 1.1.7 is recursively labeled if, and only if, there is an algorithm that, given the companion tuple τ (G c ) (see Definition 1.1.4) as input, returns a recursive bijective ordering of composite edges e ∈ E c (G c ). More formally,
2 Note that this Definition 2.1 can be easily extended to arbitrary MAGs as defined in 1.1.3, and not only undirected MAGs without self-loops. Also note that in the case of a first order G c , the usual notion of a labeled classical graph satisfies 29 Definition 2.1.
We can show that Definition 2.1 is satisfiable:
, it satisfies Definition 2.1).
In this case, since ⟨⋅, ⋅⟩ represents a recursive bijective pairing function, the companion tuple
⟩ univocally determines the value of p and the maximum value for each aspect. 30 Hence, one can always define a recursive lexicographical ordering < V of the set {⟨x 1 , . . . , x p ⟩ (x 1 , . . . , x p ) ∈ V(G c )} by starting at ⟨1, . . . , 1⟩ and, from a recursive iteration of this procedure from the right character to the left character, ordering all possible arrangements of the rightmost characters while one maintains the leftmost characters fixed, but respecting the limitations
That is, from choosing an arbitrary well-known lexicographical ordering of ordered pairs, one can iterate this for a lexicographical ordering of n-tuples by (
, and so on. Alternatively, one may contruct the order relation < V from functions D (u, τ ) and N (d, i, τ ) defined in [31, Section 3.2: Ordering of Composite Vertices and Aspects, p. 9]. Therefore, from this recursive bijective ordering of composite vertices, we can now construct a sequence defined by a recursive bijective ordering < Ec of the composite edges of a MAG G c . First, one build a sequence by applying a classical lexicographical ordering < E to the set of pairs
Then, one excludes the occurrence of self-loops and the second occurrence of symmetric pairs (⟨y 1 , . . . , y p ⟩ , ⟨x 1 , . . . , x p ⟩), generating a subsequence of the previous sequence. Note that the procedure for determining whether the two composites vertices in an composite edge are equal or not is always decidable, so that self-loops on composite vertices will not return index values under order relation < Ec . Additionally, note that, since the sequence of composites edges was formerly arranged in lexicographical order relation < E , then, for every a, b ∈ N under order relation < V ,
29 From a standard application of a lexicographical ordering of the edges. 30 See also [31] for more properties of the companion tuple regarding generalized graph representations.
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This way, since subsequences preserve order, if i (a,b)< E is the index value of the pair (a, b) in the sequence built under order relation < E and a < V b, then
Thus, p 1 is a fixed string that represents on a universal Turing machine the algorithm that, given τ (G c ), ⟨a 1 , . . . , a p ⟩, and ⟨b 1 , . . . , b p ⟩ as inputs, (i) builds the sequence of composite edges by the order relation < Ec described before such that, for each step of this construction,
. . , a p )) in this sequence; (b) if one of these pairs is found, it returns the index value of the first one of these pairs found in this sequence; (c) else, it continues building the sequence.
Note that one of these pairs must be always eventually found, since
An analogous algorithm defines p 2 , but searching for the j-th element in the sequence and returning the respective pair of tuples instead.
Furthermore, with this pair of programs p 1 , p 2 and with ⟨τ (G c )⟩, one can always build an algorithmic that, given a bit string x ∈ {0, 1} * of length E c (G c ) as input, computes the composite edge set E (G c ) and build another algorithm that, given the composite edge set E (G c ) as input, returns the string x. Thus, this string x determines (up to an automorphism) the recursively labeled MAG G c . That is, it is a representative string of the MAG. This gives rise to the following Lemma:
* . Let G c be a recursively labeled MAG given τ (G c ) (as in Definition 2.1) with l(x) = E c (G c ) such that, for every e ∈ E c (G c ),
Proofs.
(proof of 17) First, remember notation of E (G ) in Definitions 1.1.10 and 1.1.9 from which we have that
such that
Algorithmically random MultiAspect Graphs 15 where z i ∈ {0, 1} with 1 ≤ i ≤ n = E(G ) . Thus, for MAGs G c defined in Definition 1.1.7, we will have that
We also have that, since G c is a recursively labeled MAG, there is p 2 such that Equation (16) holds independently of the chosen companion tuple τ (G c ). Let ⟨τ (G c )⟩ be a self-delimiting string that encodes the companion tuple τ (G c ). Let p be a binary string that represents on a universal Turing machine the algorithm that reads the companion tuple ⟨τ (G c )⟩ as his first input and reads the string x as its second input 32 . Then, it reads each j-th bit of x, runs ⟨j, ⟨⟨τ (G c )⟩ , p 2 ⟩⟩ and, from the outputs of ⟨j, ⟨⟨τ (G c )⟩ , p 2 ⟩⟩, returns the string ⟨⟨e 1 , z 1 ⟩ , . . . , ⟨e n , z n ⟩⟩ where z j = 1, if the j-th bit of x is 1, and z j = 0, if the j-th bit of x is 0. Therefore, we will have that there is a binary string ⟨⟨τ (G c )⟩ , p⟩ ∈ L ′ U that represents an algorithm running on a prefix (or self-delimiting) universal Turing machine U that, given x as input, runs p taking also ⟨τ (G c )⟩ as the first input. Since p 2 is fixed, we have that there is a self-delimiting binary encoding of (⟨τ (G c )⟩ , p) with
Then, by the minimality of K(⋅), we will have that
(proof of 18) This proof follows analogously to the proof of Equation (17), but using program p 1 instead of p 2 in order to build the string x from ⟨E (G c )⟩.
(proof of 19) This proof follows analogously to the proof of Equation 7 in Lemma 1.2.1.
, we know there is q, independent of the choice of p, such that it is a shortest self-delimiting description of x given ⟨E (G c )⟩, where
Thus, there is string s, independent of the choice of p and q, that represents the algorithm running on a universal Turing machine that, given p and q 31 In fact, the reader is invited to note that, since Gc is recursively labeled, this is equivalent to the case in which the adjacency matrix of Gc is symmetric. That is, let ⟨E (G )⟩ sym denote ⟨⟨e 1 , z 1 ⟩ , . . . , ⟨e 2n , z 2n ⟩⟩ where the sequence (e 1 , . . . , e 2n ) represents the adjacency matrix, which by assumption we know it is symmetric. Then,
In the case of a recursively labeled family in Definition 2.2, this relation can be improved to
. 32 If, as in the proof of Lemma 20, the string x * (i.e., a shortest self-delimiting description of x) is being given as input instead, then p reads the output of x * .
as its inputs, calculates the output of p, runs q with the output of p as its input, and returns this last output. We will have that there is a prefix universal machine U in which ⟨p, q, s⟩ ∈ L ′ U and, from Equation 18 ,
follows in the same manner, but using Equation (17) instead.
(proof of 20) We have from Definition 1.1.10 that
Now, we build a program for E (G c ) given x * almost identical to the one in the proof of Equation (17) . First, remember that, since G c is a recursively labeled MAG, there is p 2 such that Equation (16) holds independently of the chosen companion tuple τ (G c ). Let ⟨τ (G c )⟩ be a self-delimiting string that encodes the companion tuple τ (G c ). Let p be a binary string that represents the algorithm running on a universal Turing machine that reads the companion tuple ⟨τ (G c )⟩ as his first input and reads the output of x * as its second input. Then, it reads each j-th bit of 33 x, runs ⟨j, ⟨⟨τ (G c )⟩ , p 2 ⟩⟩ and, from the outputs of ⟨j, ⟨⟨τ (G c )⟩ , p 2 ⟩⟩, returns the string ⟨⟨e 1 , z 1 ⟩ , . . . , ⟨e n , z n ⟩⟩ where z j = 1, if the j-th bit of x is 1, and z j = 0, if the j-th bit of x is 0. Threfore, we will have that there is a binary string ⟨⟨τ (G c )⟩ , p⟩ ∈ L ′ U that represents an algorithm running on a prefix (or self-delimiting) universal Turing machine U that, given x as input, runs p taking also ⟨τ (G c )⟩ as the first input. Since p 2 is fixed, we have that there is a self-delimiting binary encoding of (⟨τ (G c )⟩ , p) with
Thus, from Step 21, we will have that
Therefore, (G c )⟩) ), the same follows analogously to the previous proof, but using an almost identical recursive procedure to the one for Equation (18) instead. Finally, the proof of I A (x; E (G c )) = I A (E (G c ); x) ± O(1) follows directly from Lemma 1.2.1. 33 Note that x is the output of x * on the chosen universal Turing machine.
Basically, Lemma 2.2 assures that the information contained in a MAG G c and in the bit string representing the characteristic function (or indicator function) of pertinence in the set E (G c ) are the same, except for the information necessary to compute the set of composite vertices V(G c ). This is an important idea that will be employed in further sections.
As a MAG is a generalization of graphs, we may also want that
Proof. We have that, by definition, every classical graph G is (up to a notation isomorphism) a first order MAG G c . The key idea of the proof is that, since V (G) = {1, . . . , n} = V(G c ) ⊂ N, one can always define a recursive bijective ordering, so that we will have that G c is recursively labeled given V (G) . To this end, let G be a first order MAG satisfying Lemma 2.1 with p = 1. Then, we will have that V (G) = V(G c ) and ⟨τ (G c )⟩ = ( V (G) ) 2 . Note that, from Equation (9) in Lemma 1.2.1, we have that K( V (G) ) = O (lg (( V (G) ))). Therefore, the rest of the proof follows directly from Lemma 2.2.
2.1. Recursively labeled family of MultiAspect Graphs. Another family of MAGs from Definition 2.1 that may be of interest is the one in which the ordering of edges does not depend on the size of V(G c ) or, more specifically, on the set of aspects A (G c ). The main idea underlying the definition of such family is that the ordering of the composite edges does not change as the companion tuple τ (G c ) changes. Note that the companion tuple is highly informative in fully characterizing the respective MAG [31] . First, since ⟨τ (G c )⟩ is being given as an input, it needs to be self-delimited. In addition, the recursive bijective pairing ⟨⋅, ⋅⟩ allows one to univocally retrieves the tuple ( A (G )[1] , . . . , A (G )[p] ). Thus, the companion tuple also informs the order of the MAG. Secondly, note that, for the same value of p = A (G ) and the same value of V(G c ) , one may have different companion tuples. Therefore, these give rise to the need of grasping the strong notion of recursive labeling into distinct families of MAGs as follows: (27) where
2 To show that Definition 2.2 is satisfiable by an infinite (recursively enumerable) family of MAGs, we will define an infinite family of MAGs G c such that every one of them has the same order and no condition of the presence or absence of a composite edge was taken in to account. The key idea of this proof is to start with an arbitrarily chosen MAG and construct an infinite family from an iteration in which only the number of elements in the aspects increases. Lemma 2.3. There is an recursively labeled infinite family F Gc of MAGs G c with arbitrary symmetric adjacency matrix (i.e., with arbitrary composite edge set in E c ). In particular, there is an recursively labeled infinite family F Gc of MAGs G c with arbitrary symmetric adjacency matrix such that every one of them has the same order p.
Proof. Let p, n 0 ∈ N be arbitrary values. Let G c0 be a fixed arbitrary MAG with
From an iteration of this process, we will obtain an infinite family F Gc = G c0 , G c1 , . . . , G ci , . . . where no assumption was taken regarding the presence or absence of composite edges in their respective edge sets E , so that any G ci ∈ F Gc can be defined by any chosen composite edge set E (G ci ). In addition, there is a total order in respect to the set of all composite vertices V such that V(G ci ) ⊊ V(G ci+1 ), where i ≥ 0. The next step is to construct a recursive ordering of composite edges for each one of these MAGs. Like in Lemma 2.1, we will construct a recursively ordered sequence of composite edges, which is independent of E . From this sequence, the algorithms that the strings p ′ 1 and p ′ 2 represent will become immediately defined. To achieve this proof, we know that there is an algorithm that applies to G c0 the ordering satisfying the proof of Lemma 2.1. Let (E c (G ci )) denote an arbitrary sequence e 1 , e 2 , . . . , e Ec(Gc i ) of all possible composite edges of MAG G ci with i ≥ 0. Then, one applies the iteration of:
• If (E c (G ck )), where k ≥ 0, is a sequence of composite edges such that, for every G ci with 0 ≤ i ≤ k, (E c (G ci )) is a prefix 34 of (E c (G ck )), then:
(i) apply to V(G ci+1 ) the recursive ordering < Ec satisfying Lemma 2.1 ; (ii) Concatenate after the last element of (E c (G ck )) the elements of E c (G ci+1 ) that were not already in (E c (G ck )), while preserving the order relation < Ec previously applied to V(G ci+1 ). Note that p, n 0 ∈ N are fixed values. Thus, p ′ 1 is a fixed string that represents on a universal Turing machine the algorithm that, given ⟨a 1 , . . . , a p ⟩ and ⟨b 1 , . . . , b p ⟩ as inputs, (i) builds the sequence of composite edges by the iteration described before such that, for each step of this iteration, (a) search for ((a 1 , . .
. . , a p )) in this sequence; (b) if one of these pairs is found, it returns the index value of the first one of these pairs found in this sequence. (c) else, continue the iteration; Note that one of these pairs must be always eventually found, since A (G cj )[i] ⊂ N with 1 ≤ i ≤ p = A (G cj ) ∈ N and j ≥ 0. An analogous algorithm defines p ′ 1 , but searching for the j-th element in the sequence and returning the respective pair of tuples instead.
Thus, the sequence of composite edges of MAGs in this family that has a smaller set of composite vertices is always a prefix of the sequence of composite edges of the one that has a larger set of composite vertices. Note that we have kept the order of all MAGs in this family fixed with the purpose of avoiding some prefix ordering asymmetries due to dovetailing natural numbers inside the composite vertices for different values of p. This way, we have shown that Definition 2.2 is satisfiable.
One of the immediate properties of a recursively labeled family of MAGs G c is that the information contained in the edge set of such MAGs is even more tightly associated with a binary string in Lemma 2.2. Thus, by replacing ⟨⟨τ (G c )⟩ , p 2 ⟩ with p Corollary 2.3.1. Let F Gc be a recursively labeled family (as in Definition 2.2) of MAGs G c . Then, for every G c ∈ F Gc and x ∈ {0, 1} * , where l(x) = E c (G c ) such that, for every e ∈ E c (G c ),
e ∈ E (G c ) ⇐⇒ the j-th digit in x is 1 where 1 ≤ j ≤ l(x), the following relations hold
Regarding classical graphs, one can assume a constant p = A (G c ) = 1 from the recursive ordering in Lemma 2.3, which satisfies Definition 2.2. Thus, since the composite edge sets E were arbitrary, there will be a recursively labeled infinite family that is equivalent (up to an edge re-ordering) to the family of all classical graphs G, as in Definition 1.1.1.1. In other words, a classical graph is always a first order MAG that belongs to a recursively labeled family of MAGs, as previously stated in [9, 25] . In this regard, from Corollary 2.2.1 and the proof of Lemma 2.3 with order p = 1, we will have that:
* . Let G be a classical graph from Definition 1.1.1.1 with l(x) = E c (G) such that, for every e ∈ E c (G), e ∈ E(G) ⇐⇒ the j-th digit in x is 1 where 1 ≤ j ≤ l(x) and E c (G) ∶= {{x, y} x, y ∈ V }. Then,
Thus, these results ensure that one can apply the incompressibility method to MAGs analogously to classical graphs as in [9, 25] . In particular, Corollary 2.3.2 ends up showing that our definitions and constructions of recursive labeling are consistent with the statements in [9, 25] . In the next section, we will show the existence of algorithmically random MAGs from a widely known example of Krandom real number.
A family of K-random MultiAspect Graphs
One of the goals of this article is to show the existence of an infinite family of MAGs that contains a nested sequence of MAGs in which one is a subMAG of the other. Additionally, we want these MAGs to be O(1)-K-random in respect to 35 its subMAGs. For this purpose, 36 we will use an infinite O(1)-K-random binary sequence as the source of information to build the edge set E . This is the main idea of our construction.
We will give a constructive method for building an edge set E (G c ) that is algorithmic-informationally equivalent 37 to the n bits of Ω. Therefore, unlike the usage of C-random finite binary sequences like in Lemma 1.2.3 from [9, 25] , one can achieve a method for constructing a collection of prefix algorithmically random MAGs (or graphs) using an infinite K-random sequence as source.
The key idea is to define a direct bijection between a recursively ordered sequence of composite edges, which in turn defines the composite edge sets E (G c ), and the bits of Ω. As an immediate consequence, E (G c ) will be O(1)-K-random, that is, algorithmically random in respect to prefix algorithmic complexity (see Sections 1.1.2 and 1.2.2). Further, from previously established relations between O(1)-Krandomness and C-randomness in Section 1.2.2 and from Theorem 1.2.1, we will show in Section 4 that this MAG is isomorphically equivalent to a O(lg( V(G c ) ))-C-random classical graph (see Section 1.1.3). Therefore, promptly enabling a direct application of the results in Section 1.2.3 to this MAG. 35 In fact, in respect to a finite collection of these subMAGS. 36 See Section 3.1. 37 See Theorem 3.1 and Corollary 2.3.1. Definition 3.1. We say a MAG G c (as in Definition 1.1.7) is (weakly) O(1)-Krandom iff it satisfies
Thus, a O(1)-K-random MAG G c is an undirected MAG without self-loops with a topology (which is determined by the edge set E ) that can only be compressed up to a constant in a prefix universal Turing machine. That is, to decide the existence or non existence of a composite edge, one roughly needs the same number of bits of algorithmic information as the total number of possible composite edges. This follows the same intuition behind the definition of O(1)-K-random real numbers (or infinite binary sequences). Additionally, it bridges 38 plain algorithmic randomness (i.e., C-randomness) in classical graphs from [9, 25] and prefix algorithmic randomness (i.e., K-randomness) by, in this case, assuming a constant randomness deficiency in respect to the prefix algorithmic complexity of the whole composite edge set E (G c ). This differs from Definition 1.1.14 in [9, 25] , which takes into account the conditional plain algorithmic complexity of the edge set given the number of vertices. Nevertheless, the reader may notice that we have from Lemma 1.2.1 that, for every O(1)-K-random MAG G c ,
That is, for O(1)-K-random MAGs G c , informing the quantity of composite vertices to compress the edge set cannot give much more information than the one necessary to compute this very informed quantity. Thus, one may define a MAG G c with
In addition, it follows directly from Equation (5) in Lemma 1.2.1 that every δ(G c )-C-random MAG G c (as we will define 39 in Section 4) is strongly (δ(G c ) + O(1))-K-random. However, the investigation of strongly δ(G c )-K-random MAGs is not in the scope of this article and we will only deal with the weak case hereafter. This is the reason we have left the term "weakly" between parenthesis in Definition 3.1, so that we will omit this term in this article.
It is also important to note that, since a MAG is a finite object, the asymptotic "big O" notation in Definition 3.1 is equivalent to giving a fixed constant c ∈ N. So, for a fixed value of c we say that a MAG G c is O(1)-K-random if
This makes a direct parallel to weakly K-random finite binary strings as in Definition 1.1.12. Thus, despite the notation being similar, when we talk about O(1)-K-randomness of MAGs it refers to prefix algorithmic randomness of finite objects (i.e., with a representation in a finite binary sequence) and when we talk about O(1)-K-randomness of real numbers (as in Definition 1.1.13) it refers to prefix algorithmic randomness of an infinite binary sequence. However, as we will see in Section 3.1, there will be a strict relation between initial segments of O(1)-Krandom real numbers and nested subMAGs (or subgraphs). The reader may also want to see [10, 20, 25] for more properties and subtleties regarding algorithmically random finite sequences and algorithmically random infinite sequences. Now, with the purpose of showing the existence of a O(1)-K-random MAG G c , we will just combine previous results in algorithmic information theory with the ones that we have achieved in Section 2. In fact, we will show that the existence of an infinite family of MAGs satisfying Definition 3.1 holds within a recursively labeled family of MAGs using the K-incompressibility of the halting probability:
Lemma 3.1. There is a recursively labeled infinite family F Gc (as in Definition 2.2) of MAGs G c that are O(1)-K-random.
Proof. From Lemma 2.3, we know there will be an infinite family F ′ Gc that is recursively labeled with arbitrary presence or absence of composite edges in each MAG in this family. From Theorem 1.2.2, we have that
where n ∈ N is arbitrary. Since F ′ Gc contains arbitrary arrangements of presence or absence of composite edges, we can now define family F Gc as a subset of F ′ Gc in which, for infinitely many G c ∈ F Gc ⊂ F ′ Gc with n = E c (G c ) , we have that e j ∈ E (G c ) ⇐⇒ the j-th digit in Ω ↾ n is 1 where 1 ≤ j ≤ n ∈ N. Then, for every G c ∈ F Gc , we will have from Corollary 2.3.1 that
we will have that
Additionally, since classical graphs are first order MAGs G c , the following corollary holds as a consequence of Corollary 2.3.2:
Corollary 3.1.1. There is an infinite number of classical graphs G (as in Definition 1.1.1.1) that are O(1)-K-random.
3.
1. An infinite family of nested MultiAspect subGraphs. We know that a real number is O(1)-K-random if, and only if, it is weakly K-random for every initial segment (i.e., every prefix)-see Definition 1.1.13-of its representation in an infinite binary sequence. Thus, asking the same about K-randomness in MAGs or graphs would be a natural consequence of the previous results we have presented in this article. In fact, we will see that the same idea can be captured by nesting subgraphs of subgraphs and so on. As we are dealing with a generalization of graphs, in particular MultiAspect Graphs (MAGs), the same must also be done for MAGs. In this section, we will extend the notion of subgraphs 40 to MAGs. Then, we will see in Theorem 3.1 that there is an infinite family of MAGs (and classical graphs in Corollary 3.1.1) which behaves like initial segments of a O(1)-K-random real number.
The following definition is just an extension of the common definition of subgraphs, as in Definition 1.1.2. 
and, for every
In addition, we denote this vertex-induced subMAG
Now, we can construct a family of nested subMAGs in a way such that there is a total order for the subgraph operation. In this manner, for every two elements of this family, one of them must be a subMAG of the other. First, we will define a nested family of MAGs in Definition 3.3. Then, we will prove the existence of a nested family that is recursively labeled and infinite in Lemma 3.2. 
It follows directly from these definitions that every vertex-induced nested family in Definition 3.3.1 is a nested family in Definition 3.3. In addition, since simplified MAGs G c , as in Definition 1.1.7, are just a particular case of the ones in Definition 1.1.3, we can easily extend both Definitions 3.3 and 3.3.1 to families F * Gc and F v * Gc respectively. As we will see in Lemma 3.2, one can define a vertex-induced nested family of MAGs that is recursively labeled and infinite. Moreover, there is a non-denumerable amount of these families. The key idea is to bring the same recursive ordering of composite edges from Lemma 2.3. Therefore, since it contains arbitrary configurations of composite edge sets, one can define a sequence of subMAGs drawn from an infinite binary sequence (i.e., a real number with an infinite fractional part) like we did in Lemma 3.1. Proof. We will only prove the second part of the theorem, since we know that the cardinality of the set of real numbers x ∈ [0, 1] ⊂ R with infinite fractional part in its binary representation is non-denumerable. Therefore, we will prove that an arbitrary real number x ∈ [0, 1] ⊂ R with an infinite fractional part can univocally determine the presence or absence of a composite edge for every G c ∈ F v * Gc , where F v * Gc is an infinite recursively labeled vertex-induced nested family of MAGs. To achieve this, let x ∈ [0, 1] ⊂ R be an arbitrary real number with an infinite fractional part. Let F ′ Gc be a family of MAGs defined in the proof of Lemma 2.3. Thus, there is p ∈ N which, for every G c ∈ F ′ Gc and i, j ≤ p, we have that
for every e i ∈ E c (G c ) and
We now define a family
where 1 ≤ j, i ≤ n ∈ N, and
c is a vertex induced subMAG of G c In fact, from Equations (39) and (40), this family F v * Gc can be easily constructed as follows:
e i ∈ E (G c ) ⇐⇒ the i-th digit in x ↾ n is 1 and
) ⇐⇒ the j-th digit in x ↾ n is 1 ; To prove that this construction can always be correctly applied infinitely many often, note that, since F ′ Gc is infinite and Equations (36) and (38) hold, we have that
In this way, a family of graphs that satisfies Lemma 3.2 immediately gives us an infinite sequence of nested subMAGs. The issue we are going to tackle then is whether such chain of subMAGs could behave like initial segments of a K-random an infinite binary sequence or not. To this end, we capture this idea by making an analogous definition to Definition 1.1.13: Definition 3.4. We say a nested infinite family F * Gc (as in Definition 3.3) of MAGs G c (as in Definition 1.1.7) is O(1)-K-random iff, for every G c ∈ F * Gc , we have that
Definition 3.4.1. Let x ∈ [0, 1] ⊂ R be an arbitrary real number with an infinite fractional part. We denote as F x the nested family F * Gc (as in Definition 3.3) of MAGs G c (as in Definition 1.1.7) in which, for every G c ∈ F * Gc with n = E c (G c ) ,
In fact, such O(1)-K-random nested family was already constructed for the proof of Lemma 3.1 and this may be seen as particular case of Lemma 3.2. We will use this particularity in the following theorem: Theorem 3.1. There is a recursively labeled (vertex-induced) nested infinite family F v * Gc (as in Definition 3.3.1) of MAGs G c (as in Definition 1.1.7) that is O(1)-K-random. In particular, there is a O(1)-K-random recursively labeled (vertexinduced) nested infinite family F Ω (as in Definition 3.4.1) of MAGs G c (as in Definition 1.1.7) such that, for every G c ∈ F Ω with n = E c (G c ) , Proof. It only suffices to prove the second part of the theorem, since the existence of such family F Ω directly proves the first part. Thus, let F v * Gc be a family defined as in the proof of Lemma 3.2. Since the real number x ∈ [0, 1] ⊂ R was arbitrary, we can assume x = Ω, as in Definition 1.1.11. However, we already have from the proofs of Lemmas 3.1 and 3.2 that this family immediately satisfies Lemma 3.1 and, therefore, every G c ∈ F v * Gc is O(1)-K-random. In addition, since this family is recursively labeled, we will have from Corollary 2.3.1 that
Therefore, from Definition 3.4.1, we can denote this family 
C-randomness of K-random MultiAspect Graphs
We have shown that randomness, regarding prefix algorithmic complexity, (i.e., prefix algorithmic randomness or K-randomness) in MultiAspect Graphs (MAGs) defines a class of MAGs with a topology that can only be described by the same amount of algorithmic information (except for a constant) as the number of possible connections. In Section 3, these results were achieved by extending the same concept of randomness of classical graphs regarding plain algorithmic complexity (i.e., plain algorithmic randomness or C-randomness) in [9, 25] .
41 Therefore, a natural consequence would be studying the relation between (weakly) O(1)-K-random MAGs and δ( V(G c ) )-C-random MAGs.
One of the important results in algorithmic information theory (see Section 1.2.2) is that one can retrieve a lower bound for plain algorithmic complexity of finite segments of infinite binary sequences that are O(1)-K-random. Thus, in this section, we apply this same property to MAGs. In particular, we study δ(n)-C-randomness in MAGs that are O(1)-K-random. 
This definition directly extends Definition 1.1.14 to MAGs, taking into account that Corollary 1.2.1.1 gives us an isomorphic representation of a MAG G c as a classical graph. Therefore, it enables a proper interpretation of previous results in [9, 25] into the context of MAGs.
However, before studying the properties of δ( V(G c ) )-C-random MAGs, we will investigate the relation between O(1)-K-random MAGs, and δ( V(G c ) )-C-random MAGs. The main idea is constructing MAGs from composite edge sets determined by binary strings that are prefixes of O(1)-K-random real numbers. This will give rise not only to O(1)-K-random MAGs, which are basically weakly K-random finite strings (see Definition 1.1.12), but also to δ( V(G c ) )-C-random MAGs. Therefore, together with previous studies on algorithmic randomness, as restated in Theorem 1.2.3, we will now be able to obtain the following theorem:
Theorem 4.1. Let F Gc be a recursively labeled infinite family of MAGs G c (as in Definition 2.2) such that, for every G c ∈ F Gc and
Proof. First, we prove that every MAG G c ∈ F Gc is O(1)-K-random. We have that for every G c there is x ↾ n ∈ {0, 1} * with n = l(x ↾ n ) = E c (G c ) and
e ∈ E (G c ) ⇐⇒ the j-th digit in x ↾ n is 1 where 1 ≤ j ≤ l(x ↾ n ), n ∈ N and e ∈ E c (G c ). Hence, by hypothesis, we will have that
Thus, from Definition 1.1.13 and Corollary 2.3.1, we will have that
Thus, from Definition 3.1, we will have that every MAG G c ∈ F Gc is O(1)-K-random. Now, in order to prove that every MAG
In addition, we know that the following inequalities hold:
(1) from Equation (7) in Lemma 1.2.1,
(2) from Equations (8) and (9) in Lemma 1.2.1,
and K(n) ≤ O(lg(n)) (3) from Equation (5) in Lemma 1.2.1, (2), (4) and (5) in Lemma 1.2.1 and Corollary 2.3.1,
from Equation (8) in Lemma 1.2.1, Equation (43) and Corollary 2.3.1,
Then, since
). Thus, from Definition 4.1, we will have that G c is O(lg( V(G c ) ))-C-random. In order to prove that there is such family F Gc with Ω = x ∈ [0, 1] ⊂ R, just use the one from the proof of Lemma 3.1.
With this result, we can study plain algorithmic randomness in nested infinite O(1)-K-random families of MAGs. Thus, by choosing a family of MAGs that satisfies Theorem 3.1 we will have from Corollary 2.3.1 that the conditions of Theorem 4.1 are immediately satisfied. Hence, 
Some topological properties of algorithmically random MultiAspect Graphs
In this section, we extend the incompressibility method on classical graphs in [9, 25] to plain algorithmically random MAGs. Hence, we will investigate diameter, connectivity, degree, and automorphisms.
The key idea of the following results derives directly from applying the equivalence of MAGs and graphs, as in Section 1.2.1, along with previous results from [9, 25] , restated in Section 1.2.3.
Theorem 5.1. Let F Gc ≠ ∅ be an arbitrary recursively labeled family of MAGs G c (as in Definition 2.2). Then, for every
where G is isomorphic (as in Definition 1.1.6) to G c .
Proof. The existence and uniqueness of G is guaranteed by Corollary 1.2.1.1, which follows from the proof of Theorem 1.2.1 in [31] with a symmetric adjacency matrix. Thus, we will first describe a recursive procedure for constructing this unique isomorphic classical graph G from G c ∈ F Gc and vice-versa. Then, it will only remain to prove that (except for the information necessary to compute the size of the graph):
In order to construct such classical graph G from G c ∈ F Gc , it is important to remember the proof of Theorem 1.2.1 in [31] . We assume here the same procedure described there for the existence of G. Since G c belongs to a recursively labeled family, as in Definition 2.2, then we can take the recursive bijective pairing function ⟨⋅, ⋅, . . . , ⋅⟩ on which this recursive labeling applies to this family. Hence, there is a recursive bijective function
that performs a bijective relabeling between vertices of G and composite vertices of G c . Note that V (G) = V(G c ) ∈ N. Therefore, given E (G c ) as input, there is an algorithm that reads this string ⟨E (G c )⟩ and replace each composite vertex by its corresponding label in V (G) using function f , and then returns ⟨E(G)⟩. On the other hand, given E(G) as input, there is an algorithm that reads this string ⟨E(G)⟩ and replace each vertex by its corresponding label in V(G c ) using function f −1 , and then returns ⟨E (G c )⟩. Thus, since V (G) = V(G c ) ∈ N, we will have that
Now, we split the proof in two cases: first, when
The second case will follow analogously to the first one. So, for the first case, suppose
From Equation (5) in Lemma 1.2.1, we have that
Then, from Equations (3) and (1) in Lemma 1.2.1 and
Topological properties of algorithmically random MultiAspect Graphs 30 and
we will have by supposition (see Equation (44)) that
For the second case,
we will have analogously that
For this, just note that one can use the recursive function f −1 to construct the composite vertices in V(G c ) from vertices in V (G), so that
Thus, from Definitions 4.1 and 1.1.14, we will have that
This way, Theorem 5.1 establishes a way to study common properties between algorithmically random MAGs and algorithmically random graphs. It takes into account algorithmic randomness for plain algorithmic complexity in both cases. In fact, we have shown that the plain algorithmic complexity of simplified MAGs and its isomorphic classical graph is roughly the same, except for the amount of algorithmic information necessary 43 to encode the length of the program that performs this isomorphism on an arbitrary universal Turing machine. As a consequence, it allows us to properly extend some results in [9, 25] on plain algorithmically random classical graphs to simplified MAGs:
Corollary 5.1.1. Let F Gc ≠ ∅ be an arbitrary recursively labeled family of MAGs G c (as in Definition 2.2). Then, the following hold:
(1) If F Gc is also a family in which every MAG G c ∈ F Gc has the same number of composite vertices V(G c ) and this family contains all possible arrangements of presence or absence of composite edges, then a fraction of at least
disjoint paths of length 2 between each pair of composite vertices u, v ∈ V(G c ).
Then, for every composite vertices u, v ∈ V(G c ), In addition, we can directly 44 combine Corollary 5.1.1 with Theorem 4.1 or Corollary 4.1.1 into the following Corollaries 5.1.2 and 5.1.3, which can be easily extended to classical graphs too. This result ends our present investigation of algorithmic randomness of MultiAspect Graphs (MAGs) by relating graph-topological properties like in [9, 25] with algorithmically random MAGs regarding prefix algorithmic complexity. 44 Hence, we omit the proof.
Corollary 5.1.2. Let F Gc be a recursively labeled infinite family of MAGs G c (as in Definition 2.2) such that, for every G c ∈ F Gc and x ∈ [0, 1] ⊂ R, if l(x ↾ n ) = E c (G c ) and e ∈ E (G c ) ⇐⇒ the j-th digit in x ↾ n is 1 where 1 ≤ j ≤ l(x), n ∈ N and e ∈ E c (G c ), then x ∈ [0, 1] ⊂ R is O(1)-K-random. Then, the following hold:
(1) The degree d(v) of a composite vertex v ∈ V(G c ) in a MAG G c ∈ F Gc satisfies
disjoint paths of length 2 between each pair of composite vertices u, v ∈ V(G c ). (3) Every MAG G c ∈ F Gc has composite diameter 2. (4) For every composite vertices u, v ∈ V(G c ) in a MAG G c ∈ F Gc , {u, v} ∈ E (G c )
Every MAG G c ∈ F Gc is rigid under permutations of composite vertices.
As we have investigated in Section 3.1, this result also holds for nested families: 
Conclusions
In this article, we have theoretically investigated algorithmic randomness of generalizations of graphs, in particular, MultiAspect Graphs (MAGs). In addition, we have extended previous results on network topological properties for classical graphs to MAGs.
First, we have defined recursive labeling for MAGs. Unlike classical graphs, the algorithmic information of a MAG and the representative binary string, which determines its composite edge set, may be not equivalent (i.e., up to a constant) regarding (plain or prefix) algorithmic complexity and mutual algorithmic information. In fact, we have shown that the algorithmic information content of a MAG and its representative binary string may differ on the order of the prefix algorithmic complexity of the companion tuple, which determines the set of composite vertices.
Then, we have extended the conception of recursive labeling in order to define recursively labeled families of MAGs. In this case, we have shown that MAGs in a recursively labeled family are tightly associated (analogously to the case for classical labeled graphs) with its respective representative binary string that algorithmically determines the presence or absence of a edge.
We have also introduced prefix algorithmic randomness for MAGs. In this regard, we have shown that there are infinite families of MAGs in which every member is incompressible regarding prefix algorithmic complexity. This shows that the same phenomenon of incompressibility of finite strings in classical algorithmic information theory also holds for high order networks.
In addition, recursively labeled infinite families of nested subMAGs were formally constructed with the purpose of defining an infinite object that could behave like an infinite binary sequence. In fact, we have shown that there is such infinite family which is prefix algorithmically random. This is an exact analogous phenomenon to prefix algorithmic randomness for infinite binary sequences (or real numbers), e.g., the halting probability (i.e., the Omega number or Chaitin's constant).
In the context of MAGs, we have also investigated some relationships between prefix algorithmic randomness and plain algorithmic randomness. This shows, and reinforces, some previous relations and equivalences in algorithmic information theory, but now in respect to MAGs (or high order networks) and classical graphs. Thus, we suggest further investigations of other possible equivalences brought from algorithmic information theory in future research.
Furthermore, we have extended previous results on network topological properties of plain algorithmically random classical graphs to plain algorithmically random MAGs or prefix algorithmically random nested families of MAGs. In particular, vertex degree, connectivity, diameter, and rigidity. In fact, as it was the case for classical graphs, this shows that there are several useful properties that could be embedded or analyzed in high order networks.
This article shows that an incompressible MAG have on average high degree composite vertices, particularly, with degrees on the order of half of the size of the network (i.e., half of the value given by the number of composite vertices minus 1) within an strong-asymptotically dominated standard deviation. In this sense, an incompressible MAG tends to be an expected "almost regular" graph in the limit when the size of the networks increases indefinitely. For sufficiently large set of composite vertices, incompressible MAGs also cross a phase transition in which the diameter between composite vertices becomes 2. They are
+ o( V(G c ) )-connected and there is a (lg ( V(G c ) )) 2 -vertex star with any arbitrary composite vertex as the center that is directly linked to any other composite vertex of the respective incompressible MAG. In addition, incompressible MAGs are rigid (i.e., when only the identity automorphism holds) in respect to permutations of composite vertices.
It is also important to note that, since a classical graph is a first order simplified MAG, we have also shown that all the results in this article hold for classical graphs.
